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Abstract
We report on the self-induced electron trapping occurring in a ultracold neutral plasma that is set
to expand freely. At the early stages of the plasma, the ions are not thermalized follow a Gaussian
spatial profile, providing the trapping to the coldest electrons. In the present work, we provide a
theoretical model describing the electrostatic potential and performmolecular dynamics simulations
to validate our findings. We show that in the strong confinement regime, the plasma potential is
of a Thomas-Fermi type, similar to the case of heavy atomic species. The numerically simulated
spatial profiles of the particles corroborate this claim. We also extract the electron temperature
and coupling parameter from the simulation, so the duration of the transient Thomas-Fermi is
obtained.
I. INTRODUCTION
Owing to the advances performed in laser
cooling and trapping of atoms, ultracold neu-
tral plasmas (UNPs) have received an inter-
esting hype in the last decade. The main rea-
son stems in the fact that these systems can
be used to investigate strongly coupled mat-
ter in a very flexible manner. A striking fea-
ture of UNPs are the appreciable high values
of the coupling parameter, the ratio between
the interaction (Coulomb) and the kinetic
(thermal) energies. In addition, UNPs pro-
vide a unique platform to study plasma be-
havior occuring in astrophysical enviroments
[1], being experimentally produced via pho-
toionization of a laser-cooled atomic cloud in
a magneto-optical trap [2–4]. In typical ex-
perimental conditions, the electrons are pro-
duced in the temperature range of 1 − 100
K [5], while the ions can have a tempera-
tures well below 1 K [6, 7]. The production
of UNPs from cold molecular gases has also
been reported [8–10].
The evolution of a freely expanding UNP
comprises three different stages, namely elec-
tron equilibration [11], ion equilibration [12],
and plasma expansion [13]. During the latter,
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free electrons are able to escape the cloud,
producing a electron depletion and thus a net
positive charge in the core. This generates
a weak electric field that traps the remain-
ing electrons. It has been observed, however,
that such local charge imbalance does not af-
fect the self-similar expansion (Coulomb ex-
plosion) of the plasma [14]. The ion radial
distribution can be obtained by fluorescence
techniques [15]. However, the electron dis-
tribution is not acessible with optical tools,
what hinders the access to the dynamical evo-
lution of the electrons. It is, therefore, desir-
able to investigate eventual signatures of the
electrons in the dynamics of the ions. In the
present paper, we discus a novel electrostatic
regime that can be established at the inner
core of expanding UNPs, as a consequence of
the electron trapping. We show that a quasi-
static equilibrium, resulting from the com-
bination of both trapped and escaping elec-
trons, can be described by the Thomas-Fermi
(TF) model, usually employed to described
the electronic distribution in heavy atomic
species [16]. We develop a theoretical model
that cast the effects of electron trapping and
perform a molecular dynamics (MD) simula-
tions to understand the validity regime of the
proposed TF model.
The paper is organized as follows. In Sec-
1
tion II, we present the basic equations lead-
ing to the TF model. In Section III, we de-
scribe the methods for the MD simulations.
A detailed comparison between the theoret-
ical model and the MD simulations are pre-
sented in Sec. IV. Finally, in Sec. V, the im-
plications of our findings are discussed and
some conclusions are stated.
II. THE THOMAS-FERMI MODEL
We start with Poisson’s equation describ-
ing the potential of the UNP cloud
∇2Φ = e
n0
(ne − ni) , (1)
where ne and ni represent the electron and
ion number density, respectively. Right after
the production of the plasma, and assuming
the plasma to be produced from the complete
photoionization of a cold atomic gas confined
in a magneto-optical trap [5], the ions follow
a Gaussian profile,
ni = n0 exp
(
− r
2
2σ20
)
, (2)
with σ0 being the size of the plasma cloud.
These ions create an electrostatic potential
Φ > 0, in such way that the energy of the
electrons is given by
Ee(r, v) =
1
2
mev
2 − eΦ(r). (3)
Due to the electron trap, the energy in (3)
can be negative. As such, trapping occurs
for electron velocities satisfying the condition
v < vt, where the trapping velocity is given
by
vt =
√
2e
me
|Φ|. (4)
By putting Eqs. (1) and (2) together, and
defining φ = e |Φ| /Te, we can write Eq. (1)
as
∇2φ = 1
λ2D
(
ne
n0
− exp
(
− r
2
2σ20
))
, (5)
where λD = vth/ωpe is the Debye length,
ωpe =
(
e2n0/ε0me
)1/2
is the electron plasma
frequency and vth =
√
Te/me is the electron
thermal velocity. While the untrapped elec-
trons - i.e. those with velocity ve > vt - follow
the Boltzmann distribution associated with
(3), the trapped ones adiabatically follow the
ions, thus being uniformly distributed. We
here assume the trapped electrons to be con-
fined within the radius R ∼ σ0. This assump-
tion is valid for the early stages of the plasma
expansion, as we will later confirm with the
MD simulations. Therefore, the electron den-
sity can be determined as follows
ne
n0
=
4√
π
[∫ ut
0
u2du+
∫ ∞
ut
exp− (u2 − φ)u2du] ,
(6)
where we have defined u = v/vth. Using Eqs.
(5) and (6), we can obtain a general expres-
sion for the electrostatic potential that casts
the effects of the electron trapping
∇2φ = 1
λ2D
(
4
3
√
π
φ3/2 − f(φ)− exp
(
− r
2
2σ20
))
,
(7)
with f(φ) being given by
f(φ) = exp(φ)
(
1− 4√
π
∫ √φ
0
exp(−u2)u2du
)
.
(8)
Analytical solutions to Eq. (7) are not avail-
able in general. Fortunately, approximated
expressions can be provided in some limiting
cases. For weak trapping potentials, φ ≪ 1,
we can use the expansion
f(φ) ≃ 1− 4
3
√
π
φ3/2 + φ− 8
15
√
π
φ5/2, (9)
and the potential can be written as
∇2φ = 1
λ2D
[
1 + φ− 8
15
√
π
φ5/2 − exp
(
− r
2
2σ20
)]
.
(10)
The other limiting case, which is more inter-
esting in view of the experimental conditions,
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is the strong trapping regime, φ≫ 1. In this
case, f(φ) ≃ 0 and the potential yields
∇2φ = 1
λ2D
[
3
4
√
π
φ3/2 − exp
(
− r
2
2σ20
)]
.
(11)
In the strong confinement regime, we ob-
tain an expression which is very similar to
the Thomas-Fermi potential, used to describe
the electronic distribution in heavy atomic
species. The only difference is rooted in
the fact that here the ions are not homo-
geneously distributed, and therefore we have
included the ion inhomogeneity, which makes
the model more suitable to describe the phys-
ical situation of UNPs.
FIG. 1. Snapshots of the spatial distribution of
the plasma bubble. The blue (red) dots repre-
sent the electrons (ions). From top to bottom,
t = 0, t = 0.99/ωpi and t = 2.1/ωpi. We have set
N = 10000 and σ0 = 233µm, and the ions (elec-
trons) are initiated at the temperature Te = 95
K (Ti = 1.3 mK)
III. NUMERICAL METHODS
In order to confirm the previous model,
we have performed molecular dynamics (MD)
simulations of an expanding UNP, based on
the Pretty Efficient Parallel Coulomb Solver
(PEPC) code [17]. The later combines the
numerical techniques of the tree code method
[18] and fast multipole expansion [19], allow-
ing to reduce the computational cost fromN2
to N logN for N -particle systems. The dy-
namics of the system is determined by solving
the following equations
rj(t + δt) = rj(t) + vj(t)δt +
1
2mi,e
Fj(t)δt
2,
(12)
vj(t + δt) = vj(t) +
δt
2mi,e
[Fj + Fj(t + δt)] ,
(13)
where
Fj(t) =
j 6=i∑
i
1
4πε0
qjqirji(
r2ji + ǫ
2
)3/2 (14)
is the Coulomb force acting on the j−th par-
ticle at time t, and ǫ is a small exclusion ra-
dius to avoid numerical singularities. After
checking the numerical sensitivity of the ob-
servables (e.g. the density profiles), we have
set ǫ = aWS/100, where aWS = (3/4πn0)
1/3
stands for the Wigner-Seitz radius. Typi-
cal time steps δt ≪ ωpe have been set, small
enough to resolve both the electron and ion
dynamics. Moreover, we have chosen the ra-
tio mi/me = 400, in order to slow down the
dynamics of the ions and still be able to study
the effects of the ion distribution on the elec-
trons. Lower values ofmi/me generates a fast
expansion of the ions, making it difficult to
resolve the trapping effect; higher values im-
ply the ions to be practically immobile at the
electron time scales, demanding running the
simulations for longer times and overcoming
our present computational power. Finally,
the temperature of the ions is obtained from
the perpedicular component of the velocities,
as
Ti =
mi
2NkB
N∑
i
[
(v × r)
r
]2
, (15)
due to the fact that the kinetic energy is dom-
inated by the radial expansion towards the
edge of the plasma [20].
IV. RESULTS AND DISCUSSION
We have performed simulations with dif-
ferent number of particles in order to study
different stages of electron trapping during
the UNP expansion. We have distributed
the electrons and the ions randomly, in agree-
ment to the velocity distributions in Eq. (2).
The typical peak density n0 = 1 × 108 cm−3
has been set for definiteness. The size of the
cloud σ0, depends on the number of parti-
cles, due to the fact the number of particles
3
depends on the radial distribution function
n(r)4πr2dr. The number of particles we used
are Ni = Ne = 10000, Ni = Ne = 20000,
Ni = Ne = 30000, which correspond to
σ0 ≃ 233 µm, σ0 ≃ 294 µm and σ0 ≃ 336
µm, respectively. These values are compara-
ble to those obtained experimentally [5]. In
agreement with the typical experimental con-
ditions, we have initialized the ions at the
temperature Ti ≃ 1.3 mK, which leads to a
coupling parameter
Γi ≡ e
2
4πǫ0aWSkBTi
≃ 100. (16)
By doing so, we obtain a strongly correlated
plasma but rule out Coulomb crystalization,
occurring for Γi & 170 [21, 22]. Moreover, the
initial electron temperature has been defined
in such a way that Eq. (3) is satisfied, which
specifies the velocity of the electrons depend-
ing on their relative position inside the ion
core. This criterion has been vastly employed
in the study of stellar dynamics. We have
followed Ref. [23] to define the initial ve-
locity distribution of the electrons, yielding
Te ≃ 95 K, Te ≃ 150 K and Te ≃ 200 K,
for N = 10000, N = 20000 and N = 30000,
respectively.
In principal, three body recombination
(TBR) could play a relevant role at low tem-
peratures, being the main mechanism for
electron heating [4, 24]. Classical TBR the-
ory predicts the recombination rate per ion
to value [5]
KTBR ≃ 3.8×10−9
(
Te
K
)−9/2 ( ne
cm−3
)2
s−1.
(17)
In order to avoid TBR effects, an initial elec-
tron temperature above 40 K is set in some
experiments [25], a condition that we have
observed above to be safely met at all stages
of our simulations. As such, we have ne-
glected TBR in the present work.
In Fig. 1, we show snapshots of the
ionic and electronic radial distributions. Af-
ter setting up the initial conditions, we let
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FIG. 2. Electron and ion evolution of the aver-
age temperature with Gaussian initial distribu-
tion of the atoms for Ni = Ne = 10000 parti-
cles and σ0 ≈ 233 µm. The initial temperatures
have been set to Te ≈ 95 K and Ti ≈ 1.3 mK.
The time of the simulation is t = 2ω−1p,i this is
equivalent to t = 50 ns.
the system evolve according to Eq. (12).
In our simulation, we have chosen a to-
tal simulation time τ = 180/ωpe ≃ 0.4 µs
(with ωpe =
√
nee2/meε0 being the elec-
tron plasma frequency), which is much larger
than the Coulomb explosion time τexp =√
miσ
2
0/kB[Te(0) + Ti(0)] ≃ 122 ns.
Fig. 2 shows the evolution of the electron
and ion temperatures. As we can see, the
ion temperature increases, reaching its max-
imum at t ∼ ω−1pi . As we will discuss later
on, this value is reached within the time win-
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dow where the TF equilibrium is valid. After
the TF period, the ions cool down again dur-
ing the expansion. Conversely, the electronic
temperature decreases monotonically, so the
emergence of the TF equilibrium cannot be
directly inferred from the temperature evo-
lution. The same behavior is obtained (not
shown) for different number of particles.
We have also calculated the plasma expan-
sion time by performing a typical Coulomb
explosion analysis [26]. In the absence of
correlations, the ion rms radius is given by
σ2i (t) = σ
2
0(1 + t
2/τ 2exp), where
τexp =
(
miσ
2
0
kB(Te0 + Ti0)
)1/2
(18)
is the expansion time. This is shown in Fig.
3, where we can see a good agreement be-
tween the theoretical model and the simula-
tion for early stages. The ionic rms radius
start to deviate from the theoretical predic-
tion at the transition to the TF regime. This
happens because the thermal electrons ex-
ert a drag force during the explosion. Af-
ter the TF quasi-equilibrium is reached, elec-
trons and ions expand at the same rate.
In order to relate the previous results to
the establishment of a TF quasi-equilibrium,
we compare the electron density profiles ob-
tained from the MD simulations to those de-
scribed by the theory. As depicted in Fig. 4,
the electronic distribution is in quantitative
agreement with the exponential profile of Eq.
(6), similarly to what happens with the elec-
trons at the interior of heavy atomic species,
for which the TF model holds. In the present
case, the ions play the role of the nucleus and
the electrons behave as the electronic cloud.
According to our simulations, the TF quasi-
equilibrium lasts for ∆t ≃ 0.6ω−1pi = 12ω−1pe ,
as indicated by the vertical lines in Figs. 2
and 3. After that time, the ion core is ex-
panded enough for the electrons to become
untrapped, resulting in the breakdown of the
TF regime. Finally, we have computed the
electronic coupling parameter Γe. A fast in-
crease is observed at early stages, as a conse-
quence of the Coulomb explosion of the elec-
trons that leads to a fast electron depletion
at the center. Once the TF regime is estab-
lished, Γe exhibits a minimum value. This
is a signature of the electron trapping in-
side the ion cluster, where part of the ki-
netic energy is converted into the potential,
thus increasing the electronic density locally.
At later times, i.e. after the duration of the
TF period, Γe is kept almost constant. Al-
though both the electronic temperature and
density decrease during the expansion, we
have Te ∼ t−1, ne ∼ t−3 during the expan-
sion, yielding Γe ∼ const. These features are
depicted in Fig. 5.
V. CONCLUSIONS
In this work, we have studied the free
expansion of a ultracold neutral plasma.
Because of the temperature difference be-
tween ions and electrons, with the former
being much lower than the latter, a quasi-
equilibrium is formed due to the electron
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FIG. 3. Evolution of the mean square radius of
the plasma cloud for t = 2ω−1p,i . The full line
corresponds to the theoretical expression for the
expansion of the ions and the dashed lines corre-
spond to the values obtained with our simulation
for Ni = Ne = 20000 particles and σ0 = 294 µm
of initial radius for ions and electrons respec-
tively.
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FIG. 4. Spatial distribution of ions and elec-
trons in an ultracold neutral plasmas. The top
panel corresponds to the initial gaussian distri-
bution of particles with Ni = Ne = 20000 with
σ0 = 294 µm. The middle panel shows the cor-
responding distribution at t = 1.01ω−1p,i , where
the TF profile is good agreement with the simu-
lation data. Finally, the bottom panel shows the
distribution extracted at t = 1.75ω−1p,i , where the
TF equilibrium is no longer valid.
trapping that occurs inside the ion core. This
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FIG. 5. Evolution of the electron and ion cou-
pling parameters in the expanding UNPs, for a)
Ni = 10000 and σ0 = 233 µm, b) Ni = 20000
and σ0 = 294 µm, and c) Ni = 30000 and
σ0 = 336 µm. We have fitted the distribution
to the TF distribution in Eq. (11). Each of the
snapshots are taken at t = ω−1p,i . Panel d) depicts
the evolution of the ion coupling parameter for
the same parameters of panel a).
transient regime is similar to the Thomas-
Fermi model for heavy atomic species. The
validity of our model is checked with the help
of molecular dynamics calculations. We ob-
serve that the Thomas-Fermi lasts for a pe-
riod of the order of the inverse of the ion
plasma frequency, being followed by a regular
Coulomb explosion afterwards.
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